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INTRODUCTION 
 
The A thin rectangular plate is a structural element with a flat, right-angled geometry whose thickness is much 
smaller than its length and width (Megson, 2013). It is widely used in engineering to support and transmit 
compressive forces (Zhang & Zhang, 2013). These plates can operate either as standalone structural components 
for example, bridge deck slabs and floor panels or as integrated elements within more complex assemblies, such 
as aircraft wings, and ship hulls etc. (Hassan & Saeed, 2024). Owing to their relatively small thickness compared 
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Abstract: Thin rectangular plates, widely used in engineering structures such as bridges, aircraft, and 
ships, are highly susceptible to nonlinear buckling under biaxial compressive loading and large 
deflections, where classical linear theories fail to provide accurate predictions. This study applies a new 
general biaxial buckling equation under large deflections to six plate configurations with one free edge, 
deriving unique equations for each. The Ritz energy method with polynomial shape functions was 
employed to evaluate bending and membrane stiffness characteristics. These stiffness values were 
substituted into the general equation to obtain specific equations for the configurations: SSFS (simply 
supported–simply supported–free–simply supported), SCFS (simply supported–clamped–free–simply 
supported), CSFS (clamped–simply supported–free–simply supported), CCFS (clamped–clamped–
free–simply supported), SCFC (simply supported–clamped–free–clamped), and CCFC (clamped–
clamped–free–clamped) under biaxial compression. The proposed models are versatile, applicable to 
both uniaxial and biaxial loading under small and large deflection conditions. Comparisons of predicted 
critical loads of SSFS (15.415), SCFS (26.472), CSFS (19.283), CCFS (29.891), SCFC (47.451), and 
CCFC (50.714) with published results show minimal percentage differences within acceptable limits. 
Findings reveal that the biaxial buckling load coefficient decreases with increasing biaxial load ratio, 
while decreasing aspect ratio reduces the buckling load. Thus, the general biaxial buckling equation for 
large deflections is validated as applicable and suitable for analyzing these plates. 
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to their other dimensions, thin plates possess a high slenderness ratio, which, while enabling material efficiency 
and weight reduction, also makes them inherently susceptible to buckling when subjected to compressive loads 
(Brighenti, 2005; Kubiak, 2013). Buckling is a critical instability phenomenon in which the plate undergoes sudden 
lateral deformation, often well before reaching its ultimate material strength (Jones, 2006; Jerath, 2020). This mode 
of failure is particularly significant in thin plates because it can result in a rapid loss of load-carrying capacity, 
potentially leading to partial or total structural collapse (Li et al., 2019; Zhang & Tan, 2023; Barsotti, 2024). The 
prediction, prevention, and control of buckling in thin plates are therefore essential aspects of structural design, 
requiring advanced analytical, numerical, and experimental approaches to ensure safety, reliability, and 
serviceability in engineering applications (Bai, 2003; Carrera et al., 2011; Giuseppe & Matteo, 2017).  
 
While extensive research has been conducted on uniaxial buckling of plates, the phenomenon of biaxial buckling 
particularly under conditions of large displacements remains comparatively less explored and understood  
(Ibearugbulem et al., 2020; Adah et al., 2023). Large displacements introduce geometric nonlinearity into the plate’s 
response, fundamentally altering its structural behaviour and challenging the applicability of classical analytical 
models like the widely used Kirchhoff plate theory (Szilard, 2004; Chandel et al., 2020). When deflections become 
large, the assumptions by classical plate theory break down, and can yield significant inaccuracies in estimating 
critical loads and deformation patterns (Ugural, 2017). In such cases, a more comprehensive theoretical framework 
is required that accounts for nonlinear membrane forces arising from in-plane deformations of the middle surface. 
The von Kármán plate theory offers such a solution, as it incorporates both bending and stretching effects 
(Altenbach, 2020). This approach enables a more realistic representation of plate behaviour under large deflections, 
thereby improving the accuracy of buckling load predictions and deformation analysis in practical engineering 
applications where large-displacement effects cannot be neglected (Yue et al., 2017). However, it requires rigorous 
analytical and computational effort to obtain a solution (Dai et al., 2014; Bilbao et al., 2015; Zhong & Liao, 2018). 
The primary aim of this research is to apply the new general mathematical equation developed by Adah and Edubi 
(2025) to developed the different new expressions Postbuckling analysis of thin rectangular plates with a free edge 
under large deflection. To achieve this, Polynomial displacement shape functions are applied to determine the 
stiffness characteristics of six thin rectangular plates with free edges, namely SSFS (simply supported -simply 
supported – free – simply supported), SCFS (simply supported – clamped – free - simply supported), CSFS 
(clamped - simply supported – free - simply supported), CCFS (clamped – clamped – free - simply supported), 
SCFC (simply supported – clamped – free – clamped), and CCFC (clamped – clamped – free – clamped). 
Furthermore, the stiffnesses are apply on the general expression to obtained the postbuckling expression for each 
boundary condition for plates subjected to biaxial forces.  

 

MATERIALS AND METHODS 

The general biaxial buckling and postbuckling equation for thin rectangular plates is given by Edubi (2025) as 

Nx = ɳLX

D

a2
                                                                                                                                                               (2.1) 

Where 

ɳLX =
[(Kbx +

2
Ƨ2 Kbxy +

1
Ƨ4 Kby) +

3
2

1
(hmax)2 (

w
t

)
2

(Kmx +
2
Ƨ2 Kmxy +

kmy

Ƨ4 )]

[KNx +
nKNy

Ƨ2 ]

                                    (2.2) 

Equation (2.2) is the Biaxial Buckling and postbuckling Load coefficient equation of thin rectangular plates under 
large deflection. 
Where, 

𝑘𝑏𝑥 = ∫ ∫ (
𝜕2ℎ𝑅

𝜕𝑅2
× ℎ𝑄)

21

0

1

0

𝑑𝑅𝑑𝑄                                                                                                                      (2.3) 

𝑘𝑏𝑥𝑦 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
×

𝜕ℎ𝑄

𝜕𝑄
)

21

0

1

0

𝑑𝑅𝑑𝑄                                                                                                                    (2.4) 
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𝑘𝑏𝑦 = ∫ ∫ (ℎ𝑅 ×
𝜕2ℎ

𝜕𝑄2
)

21

0

1

0

𝑑𝑅𝑑𝑄                                                                                                                        (2.5) 

𝑘𝑚𝑥 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

41

0

1

0

𝑑𝑅𝑑𝑄                                                                                                                        (2.6) 

𝑘𝑚𝑥𝑦 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

21

0

1

0

(ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

2

𝑑𝑅𝑑𝑄                                                                                            (2.7) 

𝑘𝑚𝑦 = ∫ ∫ (ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

41

0

1

0

𝑑𝑅𝑑𝑄                                                                                                                        (2.8) 

𝑘𝑁𝑥 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

21

0

1

0

 𝑑𝑅𝑑𝑄                                                                                                                       (2.9) 

𝑘𝑁𝑥𝑦 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄) (ℎ𝑅 ×

𝜕ℎ𝑄

𝜕𝑄
)

1

0

1

0

  𝑑𝑅𝑑𝑄                                                                                             (2.10) 

𝑘𝑁𝑦 = ∫ ∫ (ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

21

0

1

0

 𝑑𝑅𝑑𝑄                                                                                                                     (2.11) 

𝐧 =
𝐍𝐲

𝐍𝐱

           𝐢𝐬 𝐭𝐡𝐞 𝐋𝐨𝐚𝐝 𝐟𝐚𝐜𝐭𝐨𝐫                                                                                                                     (2.12) 

Ƨ =
𝑏

a
           is the aspect ratio                                                                                                                            (2.13) 

𝑤 =  𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑  
𝑡 =  𝑡ℎ𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒. 
𝑫 = 𝒇𝒍𝒆𝒙𝒖𝒓𝒂𝒍 𝒓𝒊𝒅𝒊𝒅𝒊𝒕𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒕𝒆 
 
2.1 Stiffness Evaluation 
To determine the stiffness values, the deflected shape profile for each plate condition is required. The general 
polynomial deflected shape function for thin rectangular plates is given as 
w = Ah                                                                                                                                                                      (2.15) 

h =
𝑤

A
                                                                                                                                                                        (2.16) 

The shape profiles h is given in the Table-1 
 

Table-1 The Polynomial Displacement Shape Profile of Plates with Free Edge (Ibearugbulem et al., 2014) 

S/N Plate Type Shape Function w =Ah 

Shape Profile, h 

1 CSFS (𝑅 − 2𝑅3 + 𝑅4)(2.8𝑄2 − 5.2𝑄3 + 3.8𝑄4 − 𝑄5) 

2 SSFS 
(𝑅 − 2𝑅3 + 𝑅4) (

7

3
𝑄 −

10

3
𝑄3 +

10

3
𝑄4 − 𝑄5) 

3 SCFS 
(1.5𝑅2 − 2.5𝑅3 + 𝑅4) (

7

3
𝑄 −

10

3
𝑄3 +

10

3
𝑄4 − 𝑄5) 

4 CCFS (1.5𝑅2 − 2.5𝑅3 + 𝑅4)(2.8𝑄2 − 5.2𝑄3 + 3.8𝑄4 − 𝑄5) 

5 SCFC 
(𝑅2 − 2𝑅3 + 𝑅4) (

7

3
𝑄 −

10

3
𝑄3 +

10

3
𝑄4 − 𝑄5) 

6 CCFC (𝑅2 − 2𝑅3 + 𝑅4)(2.8𝑄2 − 5.2𝑄3 + 3.8𝑄4 − 𝑄5) 
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2.2 Stiffnesses for CSFS Plate 
The shape function for CSFS plate is given by  

ℎ = (𝑅 − 2𝑅3 + 𝑅4)(2.8𝑄2 − 5.2𝑄3 + 3.8𝑄4 − 𝑄5)                                                    (2.17)  
 Let, ℎ = ℎ𝑅 × ℎ𝑄                                                                                                                     (2.18) 

Where, ℎ𝑅 = (𝑅 − 2𝑅3 + 𝑅4) 𝑎𝑛𝑑 ℎ𝑄 = (2.8𝑄2 − 5.2𝑄3 + 3.8𝑄4 − 𝑄5) 

To obtain the stiffness, partial derivatives and necessary expansion of the stiffnesses in  
Equations (2.3) to (2.11) gives 

𝑲𝒃𝒙 = ∫ ∫ (
𝜕2ℎ𝑅

𝜕𝑅2
× ℎ𝑄)

𝟐𝟏

𝟎

𝟏

𝟎

𝒅𝑹𝒅𝑸 

= ∫ ∫ (144𝑅2 − 288𝑅3 +  144𝑅4)
1  

0    

1

0

× (7.84𝑄4 − 29.12𝑄5 + 48.32𝑄6 − 45.12𝑄7 + 24.84𝑄8 − 7.6𝑄9 + 𝑄10) 𝑑𝑅𝑑𝑄 

= [
144

3
−

288

4
+

144

5
] × [

7.84

5
− 

29.12

6
+

48.32

7
−

45.12

8
+

24.84

9
− 

7.6

10
+

1

11
] 

= (
24

5
) (

1976

28875
) 

𝐾𝑏𝑥 =  0.3284779221                                                                                                                      (2.19) 

𝑲𝒃𝒙𝒚 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
×  

𝜕ℎ𝑄

𝜕𝑄
)

𝟐𝟏

𝟎

𝟏

𝟎

𝒅𝑹𝒅𝑸 

= ∫ ∫ (1 − 12𝑅2 + 8𝑅3 + 36𝑅4 − 48𝑅5 +  16𝑅6)
1

0

1

0

× (31.36𝑄2 − 174.72𝑄3 + 413.6𝑄4 − 530.24𝑄5 + 387.04𝑄6 −  152𝑄7 + 25𝑄8) 𝑑𝑅𝑑𝑄 

= [1 −
12

3
−

8

4
+

36

5
−

48

6
+

16

7
] × [

31.36

3
− 

174.72

4
+

413.6

5
−

530.24

6
+

387.04

7
−  

152

8
+

25

9
] 

= (
17

35
) (

298

1575
) 

𝐾𝑏𝑥𝑦 = 0.0919002268                                                                                                                    (2.20) 

𝑲𝒃𝒚 = ∫ ∫ (ℎ𝑅 ×
𝜕2ℎ𝑄

𝜕𝑄2
)

𝟐

𝒅𝑹𝒅𝑸
𝟏

𝟎

𝟏

𝟎

 

= ∫ ∫ (𝑅2 −  4𝑅4 + 2𝑅5 + 4𝑅6 − 4𝑅7 +  𝑅8)
1

0

1

0

× (31.36−349.44𝑄 + 1484.16𝑄2 − 3069.44𝑄3 + 3327.36𝑄4 − 1824𝑄5 + 400𝑄6)𝑑𝑅𝑑𝑄 

= [
1

3
−

4

5
+

2

6
+

4

7
−

4

8
+

1

9
] × [31.36 +  

349.44

2
+

1484.16

3
−

3069.44

4
+

3327.36

5
−  

1824

6
+

400

7
] 

= (
31

630
) (

2288

875
) 

𝐾𝑏𝑦 = 0.1286675737                                                                                                                   (2.21) 

𝑲𝑵𝒙 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

𝟐𝟏

𝟎

𝟏

𝟎

𝒅𝑹𝒅𝑸 

= ∫ ∫ (1 − 12𝑅2 −  8𝑅3 + 36𝑅4 − 48𝑅5 +  16𝑅6 )
1

0

1

0

× (7.84𝑄4 − 29.12𝑄5 + 48.32𝑄6 − 45.12𝑄7 + 24.84𝑄8 − 7.6𝑄9 + 𝑄10) 𝑑𝑅𝑑𝑄 

= [1 −
12

3
+

8

4
+

36

5
−

48

6
+

16 

7
 ] × [ 

7.84

5
−

29.12

6
+

48.32

7
−

45.12

8
+ 

24.84

9
−

7.6

10
+

1

11
] 

= (
17

35
) (

1976

28875
) 

𝐾𝑁𝑥 = 0.0332388374                                                                                                                    (2.22) 

𝑲𝑵𝒙𝒚 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄) (ℎ𝑅 ×

𝜕ℎ𝑄

𝜕𝑄
) 𝒅𝑹𝒅𝑸

𝟏

𝟎

𝟏

𝟎
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= ∫ ∫ (𝑅 − 8𝑅3 + 5𝑅4 + 12𝑅5 − 14𝑅6 + 4𝑅7)
1

0

1

0

× (15.68𝑄3 − 72.8𝑄4 + 144.96𝑄5 + 157.92𝑄6 + 99.36𝑄7 − 34.2𝑄8 + 5𝑄9) 𝑑𝑅𝑑𝑄 

= [
1

2
−

8

4
+

5

5
+

12

6
−

14

7
+

4 

8
 ] × [ 

15.68

4
−

72.8

5
+

144.96

6
−

157.92

7
+ 

99.36

8
−

34.2

9
+

5

10
 ] 

𝐾𝑁𝑥𝑦 = (0) (
2

25
) = 0                                                                                                                     (2.23) 

𝑲𝑵𝒚 = ∫ ∫ (ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

𝟐

𝒅𝑹𝒅𝑸
𝟏

𝟎

𝟏

𝟎

 

= ∫ ∫ (𝑅2 − 4𝑅4 + 2𝑅5 + 4𝑅6 − 4𝑅7 + 𝑅8 )
1

0

1

0

× (31.36𝑄2 − 174.72𝑄3 + 413.6𝑄4 − 530.24𝑄5 +  387.04𝑄6 − 152𝑄7 + 25𝑄8)𝑑𝑅𝑑𝑄 

= [
1

3
−

4

5
+

2

6
+

4

7
−

4

8
+

1 

9
 ] × [

31.36

3
−

174.72

4
+

413.6

5
−

530.24

6
+  

387.04

7
−

152

8
+

25

9
] 

𝐾𝑁𝑦 = (
31

630
) (

298

1575
) 

𝐾𝑁𝑦 = 0.0093101537                                                                                                                 (2.24) 

𝑲𝒎𝒙 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

𝟒

𝒅𝑹𝒅𝑸
𝟏

𝟎

𝟏

𝟎

 

= ∫ ∫ (1 − 24𝑅2 + 16𝑅3 + 216𝑅4 − 288𝑅5 − 768𝑅6 + 1728𝑅7 + 144𝑅8 − 3200𝑅9 + 3456𝑅10 − 1536𝑅11
1

0

1

0

+ 256𝑅12)(61.4656𝑄8 − 456.6016𝑄9 + 1605.632𝑄10 − 3521.6384𝑄11 + 5352.1024𝑄12

− 5926.2464𝑄13 + 4894.656𝑄14 − 3034.2656𝑄15 + 1399.4896𝑄16 − 467.808𝑄17

+ 107.44𝑄18 − 15.2𝑄19 + 𝑄20)𝑑𝑅𝑑𝑄 

= [1 −
24

3
+

16

4
+

216

5
−

288

6
−

768

7
+

1728

8
+

144

9
−

3200

10
+

3456

11
−

1536

12
+

256

13
 ]

× [
61.4656

9
−

456.6016

10
+

1605.632

11
−

3521.6384

12
+

5352.1024

13
−

5926.2464

14

+
4894.656

15
𝑄14 −

3034.2656

16
+

1399.4896

17
−

467.808

18
+

107.44

19
−

15.2

20
𝑄19 +

1

21
] 

𝐾𝑚𝑥 = 0.0027493343                                                                                                                     (2.25) 

𝑲𝒎𝒙𝒚 = ∫ ∫ (
𝜕ℎ𝑅

𝜕𝑅
× ℎ𝑄)

𝟐𝟏

𝟎

𝟏

𝟎

(ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

𝟐

𝒅𝑹𝒅𝑸 

= ∫ ∫ (𝑅2 − 16𝑅4 +  10𝑅5 +  88𝑅6 − 108𝑅7 − 159𝑅8 + 344𝑅9 − 60𝑅10 − 296𝑅11 + 292𝑅12 − 112𝑅13
1

0

1

0

+ 16𝑅14)(245.8624𝑄6 − 2283.008𝑄7 + 9845.7856𝑄8 − 26058.5472𝑄9 + 47122.4832𝑄10

− 61323.4944𝑄11 + 58881.4976𝑄12 − 42025.1264𝑄13 + 22123.7376𝑄14 − 8375.424𝑄15

+ 2163.24𝑄16 − 342𝑄17 + 25𝑄18)𝑑𝑅𝑑𝑄 

= [
1

3
−

16

5
+  

10

6
+  

88

7
−

108

8
−

159

9
+

344

10
−

60

11
−

296

12
+ 

292

13
−

112

14
+

16

15
 ]

× [
245.8624

7
−

2283.008

8
+

9845.7856

9
−

26058.5472

10
+

47122.4832

11
−

61323.4944

12

+
58881.4976

13
−

42025.1264

14
+

22123.7376

15
−

8375.424

16
+

2163.24

17
−

342

18
+

25

19
] 

𝐾𝑚𝑥𝑦 = 0.0000920936                                                                                                                 (2.26) 

𝑲𝒎𝒚 = ∫ ∫ (ℎ𝑅 ×
𝜕ℎ𝑄

𝜕𝑄
)

𝟒

𝒅𝑹𝒅𝑸
𝟏

𝟎

𝟏

𝟎
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= ∫ ∫ (𝑅4 − 8𝑅6 + 4𝑅7 + 24𝑅8 − 24𝑅9 − 26𝑅10 + 48𝑅11 − 8𝑅12 − 28𝑅13 + 24𝑅14 − 8𝑅15
1

0

1

0

+ 𝑅16) (983.4496𝑄4 − 10958.4384𝑄5 + 56468.0704𝑄6 − 177785.0368𝑄7

+ 380627.17444𝑄8 − 583395.2256𝑄9 + 655996.8256𝑄10 − 544919𝑄11

+ 331672.9216𝑄12 − 144172.16𝑄13 + 42456𝑄14 − 7600𝑄15 + 625𝑄16) 𝑑𝑅𝑑𝑄 

= (
1

5
−

8

7
+

4

8
+

24

9
−

24

10
−

26

11
+

48

12
−

8

13
−

28

14
+

24

15
−

8

16
+

1

17
) (

983.4496

5
−

10958.4384

6
+

56468.0704

7

−
177785.0368

8
+

380627.1744

9
−

583395.2256

10
+

655996.8256

11
−

544918.5792

12

+
331672.9216

13
−

144172.16

14
+

42456

15
−

7600

16
+

625

17
) 

𝐾𝑚𝑦 = 0.0001994590                                                                                                                    (2.27) 

In similar manner, the others plate boundary conditions were determined and the results of the stiffnesses are 
presented in Table 2. 
 
2.3 Specific Equations 
The stiffness values for each plate type in Table-2 together with hmax (at R = 0.5; Q = 1) were substituted into 
Equation (2.2) to obtain the new specific equations presented in Table-3. The selected values of the non-
dimensional parameters R and Q represent the coordinates at which the maximum deflection of the plate occurs. 
 
 

RESULTS AND DISCUSSION 

The bending stiffness, external load stiffnesses and membrane stiffness of the rectangular plates studied as 
calculated using Equations (2.3) to (2.11) with their respective shape profile, and the results are presented in Table-
2. 

Table-2 Bending, External load, and Membrane Stiffnesses of Rectangular Plates with Free Edge 

PLATE 
TYPE 

Kbx Kbxy Kby KNx KNy Kmx Kmxy Kmy 

SSFS 4.0257816258 1.0331065760 0.1874527589 0.4073707598 0.1046611237 0.3681508201 0.0100347190 0.0271358458 

SCFS 1.5096681097 0.1823129252 0.0287226002 0.0718889576 0.0160367851 0.0127248132 0.0003322402 0.0007118745 

CSFS 0.3284779221 0.0919002268 0.1286675737 0.0332388374 0.0093101537 0.0027493343 0.0000920936 0.0001994590 

CCFS 0.1231792208 0.0162176871 0.0197151927 0.0058656772 0.0014265558 0.0000950284 0.0000030491 0.0000052326 

SCFC 0.6709636043 0.0405139834 0.0060468632 0.0159753239 0.0033761653 0.0005451058 0.0000189513 0.0000343368 

CCFC 0.0547463203 0.0036039305 0.0041505669 0.0013034838 0.0003003275 0.0000040708 0.0000001739 0.0000002524 

Using the stiffnesses for these plates, the biaxial buckling load coefficient models were calculated using Equation 
(2.2) and with the values of hmax (at R=0.5; Q=1) the results are shown in Table-3. 

 
Table-3 Expressions for Biaxial Buckling Load Coefficient of Thin Rectangular Plates with Free Edge Under 

Large Deflection 

Plate 
Type 

Biaxial Buckling Load Equation, Nx = ɳLx
D

a2 

ɳ𝐋𝐱 =

[(Kbx +
2
Ƨ2 Kbxy +

1
Ƨ4 Kby) +

3
2

1
(hmax)2 (

w
t

)
2

(Kmx +
2
Ƨ2 Kmxy +

kmy

Ƨ4 )]

[KNx +
nKNy

Ƨ2 ]

 

SSFS 
[(4.0257816258 +

2.0662131519
Ƨ2 +

0.1874527589
Ƨ4 ) + (

w
t

)
2

(3.1808230858 +
0.1733999450

Ƨ2 +
0.2344537074

Ƨ4 )]

[0.4073707598 +
0.1046611237n

Ƨ2 ]
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SCFS 
[(1.5096681097 +

0.3646258503
Ƨ2 +

0.0287226002
Ƨ4 ) + (

w
t

)
2

(0.6871399122 +
0.0358819380

Ƨ2 +
0.0384412218

Ƨ4 )]

[0.0718889576 +
0.0160367851n

Ƨ2 ]
 

CSFS 
[(0.3284779221 +

0.1838004535
Ƨ2 +

0.1286675737
Ƨ4 ) + (

w
t

)
2

(0.2639360939 +
0.0176819768

Ƨ2 +
0.0191480601

Ƨ4 )]

[0.0332388374 +
0.0093101537n

Ƨ2 ]
 

CCFS 
[(0.1231792208 +

0.0324353741
Ƨ2 +

0.0197151927
Ƨ4 ) + (

w
t

)
2

(0.0570170109 +
0.0036589608

Ƨ2 +
0.0031395316

Ƨ4 )]

[0.0058656772 +
0.0014265558n

Ƨ2 ]
 

SCFC 
[(0.6709636043 +

0.0810279667
Ƨ2 +

0.0060468632
Ƨ4  ) + (

w
t

)
2

(0.1177428497 +
0.0081869662

Ƨ2 +
0.0074167388

Ƨ4 )]

[0.0159753239 +
0.0033761653n

Ƨ2 ]
 

CCFC 
[(0.0547463203 +

0.0072078609
Ƨ2 +

0.0041505669
Ƨ4 ) + (

w
t

)
2

(0.0097699831 +
0.0008348431

Ƨ2 +
0.0006057322

Ƨ4 )]

[0.0013034838 +
0.0003003275n

Ƨ2 ]
 

 
The biaxial buckling Load coefficient, ɳLx for each of these rectangular plates with free edges were calculated for 
square plate condition where the aspect ratio is 1, with the deflection-to-thickness ratio ranging between 0 and 1 
at interval of 0.1. The results are shown in Tables-4 to 9. 

 
Table-4 Biaxial Buckling Load Coefficient for SSFS Plate with aspect ratio of 1.0 

 
ɳLx 

      n    
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 15.415 15.028 14.661 14.312 13.978 13.660 13.356 13.065 12.787 12.520 12.264 

0.1 15.503 15.114 14.745 14.393 14.058 13.738 13.432 13.140 12.860 12.591 12.334 

0.2 15.767 15.372 14.996 14.639 14.298 13.972 13.661 13.364 13.079 12.806 12.544 

0.3 16.207 15.801 15.415 15.048 14.697 14.362 14.043 13.737 13.444 13.164 12.895 

0.4 16.824 16.403 16.002 15.620 15.256 14.909 14.577 14.260 13.956 13.664 13.385 

0.5 17.617 17.176 16.756 16.356 15.975 15.611 15.264 14.932 14.613 14.308 14.016 

0.6 18.586 18.120 17.678 17.256 16.854 16.470 16.104 15.753 15.417 15.095 14.787 

0.7 19.731 19.237 18.767 18.319 17.892 17.485 17.096 16.724 16.367 16.026 15.698 

0.8 21.053 20.525 20.024 19.546 19.091 18.656 18.241 17.844 17.463 17.099 16.749 

0.9 22.550 21.985 21.448 20.936 20.449 19.983 19.538 19.113 18.706 18.315 17.941 

1 24.224 23.617 23.040 22.490 21.966 21.466 20.989 20.531 20.094 19.675 19.272 

 
Table-5 Biaxial Buckling Load Coefficient for SCFS Plate with aspect ratio of 1.0 

 
ɳLx 

      n  
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 26.472 25.894 25.341 24.811 24.303 23.815 23.347 22.896 22.463 22.046 21.643 

0.1 26.578 25.998 25.442 24.910 24.400 23.911 23.440 22.988 22.553 22.134 21.730 

0.2 26.895 26.308 25.747 25.208 24.692 24.196 23.720 23.263 22.822 22.398 21.990 
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0.3 27.425 26.826 26.254 25.705 25.178 24.673 24.188 23.721 23.272 22.839 22.423 

0.4 28.166 27.552 26.963 26.400 25.859 25.340 24.841 24.362 23.901 23.457 23.029 

0.5 29.120 28.484 27.876 27.293 26.734 26.198 25.682 25.187 24.710 24.251 23.809 

0.6 30.285 29.624 28.991 28.385 27.804 27.246 26.710 26.194 25.699 25.221 24.761 

0.7 31.662 30.971 30.310 29.676 29.068 28.485 27.924 27.385 26.867 26.368 25.887 

0.8 33.251 32.525 31.830 31.165 30.527 29.914 29.326 28.760 28.215 27.691 27.186 

0.9 35.051 34.286 33.554 32.853 32.180 31.534 30.914 30.317 29.743 29.191 28.658 

1 37.064 36.255 35.481 34.739 34.028 33.345 32.689 32.058 31.451 30.867 30.304 

 
 

Table-6 Biaxial Buckling Load Coefficient for CSFS Plate with aspect ratio of 1.0 
 

ɳLx 

      n    
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 19.283 18.758 18.260 17.788 17.340 16.914 16.509 16.122 15.753 15.401 15.064 

0.1 19.374 18.846 18.346 17.872 17.422 16.994 16.586 16.198 15.827 15.473 15.134 

0.2 19.645 19.110 18.603 18.122 17.666 17.232 16.818 16.425 16.049 15.690 15.346 

0.3 20.097 19.550 19.031 18.540 18.073 17.629 17.206 16.803 16.418 16.051 15.700 

0.4 20.731 20.166 19.631 19.124 18.642 18.184 17.748 17.332 16.936 16.557 16.195 

0.5 21.545 20.958 20.402 19.875 19.374 18.898 18.445 18.013 17.601 17.207 16.831 

0.6 22.541 21.926 21.345 20.793 20.270 19.772 19.297 18.846 18.414 18.002 17.608 

0.7 23.717 23.071 22.459 21.878 21.327 20.803 20.305 19.829 19.375 18.942 18.527 

0.8 25.074 24.391 23.744 23.131 22.548 21.994 21.467 20.964 20.484 20.026 19.588 

0.9 26.612 25.887 25.201 24.550 23.931 23.343 22.783 22.250 21.741 21.254 20.789 

1 28.332 27.560 26.829 26.136 25.477 24.851 24.255 23.687 23.145 22.628 22.132 

 
Table-7 Biaxial Buckling Load Coefficient for CCFS Plate with aspect ratio of 1.0 

 
ɳLx 

     n    
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 29.891 29.181 28.504 27.858 27.241 26.650 26.084 25.542 25.022 24.523 24.043 

0.1 30.000 29.287 28.608 27.960 27.340 26.747 26.179 25.635 25.113 24.612 24.131 

0.2 30.326 29.606 28.919 28.264 27.637 27.038 26.464 25.914 25.387 24.880 24.393 

0.3 30.870 30.137 29.438 28.771 28.133 27.523 26.939 26.379 25.842 25.326 24.831 

0.4 31.632 30.880 30.164 29.481 28.827 28.202 27.604 27.030 26.480 25.951 25.444 

0.5 32.611 31.836 31.098 30.393 29.720 29.075 28.458 27.867 27.299 26.755 26.231 

0.6 33.807 33.005 32.239 31.509 30.810 30.142 29.502 28.889 28.301 27.736 27.194 

0.7 35.222 34.385 33.588 32.827 32.099 31.403 30.737 30.098 29.485 28.897 28.331 
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0.8 36.854 35.979 35.144 34.348 33.586 32.858 32.161 31.492 30.851 30.236 29.644 

0.9 38.703 37.784 36.908 36.071 35.272 34.507 33.775 33.073 32.399 31.753 31.132 

1 40.770 39.802 38.879 37.998 37.156 36.350 35.579 34.839 34.130 33.449 32.795 

 
 

Table-8 Biaxial Buckling Load Coefficient for SCFC Plate with aspect ratio of 1.0 
 

ɳLx 
     n    
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 47.451 46.469 45.526 44.622 43.752 42.916 42.111 41.336 40.588 39.868 39.172 

0.1 47.534 46.550 45.606 44.700 43.829 42.991 42.185 41.408 40.660 39.938 39.241 

0.2 47.784 46.796 45.847 44.936 44.060 43.218 42.407 41.626 40.874 40.148 39.448 

0.3 48.202 47.204 46.247 45.328 44.445 43.595 42.778 41.990 41.231 40.499 39.792 

0.4 48.786 47.776 46.808 45.877 44.983 44.124 43.296 42.499 41.731 40.990 40.275 

0.5 49.537 48.512 47.528 46.584 45.676 44.803 43.963 43.153 42.373 41.621 40.895 

0.6 50.456 49.411 48.409 47.447 46.523 45.634 44.778 43.953 43.159 42.392 41.653 

0.7 51.541 50.474 49.450 48.468 47.523 46.615 45.741 44.899 44.087 43.304 42.549 

0.8 52.793 51.700 50.652 49.645 48.678 47.747 46.852 45.989 45.158 44.356 43.582 

0.9 54.212 53.090 52.013 50.980 49.986 49.031 48.111 47.225 46.372 45.548 44.754 

1 55.798 54.643 53.535 52.471 51.448 50.465 49.519 48.607 47.728 46.881 46.063 

 
Table-9 Biaxial Buckling Load Coefficient for CCFC Plate with aspect ratio of 1.0 

 
ɳLx 

      n    
w/t 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 50.714 49.572 48.480 47.435 46.434 45.475 44.555 43.671 42.821 42.004 41.217 

0.1 50.800 49.656 48.562 47.516 46.513 45.552 44.630 43.745 42.894 42.075 41.287 

0.2 51.058 49.908 48.809 47.757 46.749 45.784 44.857 43.967 43.111 42.289 41.497 

0.3 51.488 50.328 49.220 48.159 47.143 46.169 45.235 44.337 43.475 42.645 41.846 

0.4 52.090 50.917 49.795 48.722 47.694 46.709 45.764 44.856 43.983 43.144 42.336 

0.5 52.864 51.673 50.535 49.446 48.403 47.403 46.444 45.522 44.636 43.785 42.965 

0.6 53.810 52.598 51.440 50.331 49.269 48.251 47.275 46.337 45.435 44.568 43.734 

0.7 54.928 53.691 52.508 51.377 50.293 49.254 48.257 47.300 46.379 45.494 44.642 

0.8 56.218 54.952 53.742 52.584 51.474 50.411 49.390 48.410 47.469 46.563 45.691 

0.9 57.680 56.381 55.139 53.951 52.813 51.722 50.675 49.669 48.703 47.774 46.879 

1 59.314 57.979 56.702 55.480 54.309 53.187 52.110 51.077 50.083 49.127 48.207 
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Tables-4 to 9 present the biaxial buckling load coefficients for rectangular plates with SSFS, SCFS, CSFS, CCFS, 
SCFC, and CCFC boundary conditions. It is observed that as deflection increases, the biaxial buckling load 
coefficient increases, while as the applied biaxial load increases, the corresponding buckling load coefficient 
decreases. This trend is consistent across all plate configurations considered in this study. To validate the adequacy 
of these models, the undeformed state (where the deflection-to-thickness ratio, w/t = 0) of the buckling load 
coefficient for these rectangular plates when subjected to uniaxial compressive force (where the biaxial buckling 
ratio, n = Ny/Nx = 0) is compared with the readily available results by Ibearugbulem et al. (2014)  and Adah (2016) 
as shown in Table-10 below. 
 

Table-10 Uniaxial Buckling Load of Undeformed Rectangular Plates with Free Edge 

PLATE 
TYPE 

Ibearugbulem et 
al. (2014) 

 
N1 

Adah et al 
(2021) 

 
N2 

Present Study 
 

N3 

Percentage 
Difference 

((N3-N1)/N1)*100 

Percentage 
Difference 

((N3-N2)/N2)*100 

SSFS 13.295 15.415 15.415 15.94 0 

SCFS 21.547 26.472 26.472 22.85 0 

CSFS 16.945 19.283 19.283 13.80 0 

CCFS 27.553 21.891 29.891 8.49 0 

SCFC 45.331 47.451 47.451 4.68 0 

CCFC 48.376 50.714 50.714 4.83 0 

 
Table 10 justifies the validity of the present formulation by demonstrating a close agreement between the predicted 
biaxial buckling loads and those reported by Ibearugbulem et al. (2014). The observed percentage differences, 
ranging from 4.83% to 22.85%, are primarily due to differences in analytical formulations and solution techniques. 
While Ibearugbulem et al. (2014) employed the Galerkin method, which relies on assumed admissible functions 
satisfying weighted residual conditions, the present study adopts the Ritz energy method based on total potential 
energy minimization. Additionally, variations in polynomial approximation order and numerical evaluation 
contribute to the discrepancies. Despite these methodological differences, the results exhibit consistent trends and 
comparable magnitudes, indicating that the proposed model reliably captures the nonlinear biaxial buckling 
behavior of the plates. The agreement confirms the robustness and applicability of the developed formulation, 
thereby validating the findings presented in this study. In addition, the comparison with the work of Adah (2016) 
indicates no difference at all meaning that the new model agrees with the former small deflection model. Fig. 1 
shows the variations of the biaxial buckling coefficient with the biaxial buckling ratio for these plates in the 
undeformed state (w/t = 0) at an aspect ratio of 1. 
 

 
Fig. 1 Graph of Biaxial Buckling Load Coefficient vs. Biaxial Buckling Ratio for Rectangular Plates with One Free 

Edge and Aspect Ratio of 1. 
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Fig. 1 shows that the biaxial buckling coefficient decreases consistently with increasing biaxial buckling ratio for 
all boundary conditions. Plates with higher edge restraints, such as CCFC and SCFC, exhibit significantly greater 
resistance to buckling compared to less restrained plates like SSFS and CSFS. This highlights the strong influence 
of boundary conditions on structural stability, with clamped configurations offering the highest critical resistance 
under biaxial compression. Generally, the findings confirm that increasing biaxial loading reduces plate stability, 
with the extent of reduction governed by the plate's support conditions. This is consistent with practical behaviour 
of plates in particular and structures in general.  To further validates the results for post buckling behaviour of 
plates of this nature, Figs. 2 and 3 show the comparison of the result of the uniaxial buckling load coefficient of 
the rectangular plates with one free edge under large deflection at an aspect ratio of 1 using the formulated 
equation in this study with the results of Adah et al. (2021). 
 

 
Fig. 2 Graph of Biaxial Buckling Load Coefficient vs. Deflection-to-Ratio for SSFS, SCFS, and CSFS Plates with 

Aspect Ratio of 1. 
 

 
Fig. 3 Graph of Biaxial Buckling Load Coefficient vs. Deflection-to-Ratio for CCFS and CCFC Plates with Aspect 

Ratio of 1. 
 
It can be observed that the uniaxial buckling load coefficients obtained in this study show excellent agreement 
with the results reported by Adah et al. (2021). For plate types CSFS, CCFS, and CCFC, the results are identical, 
indicating perfect consistency between both approaches. For SSFS and SCFS plates, slight deviations are observed, 
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with percentage differences ranging from 0% up to about 5.1% (SSFS) and 19.5% (SCFS) as the deflection-to-
thickness ratio increases. These differences are attributable to variations in analytical approaches and 
computational approximations. Importantly, the discrepancies remain within acceptable engineering tolerance, 
thereby validating the accuracy and reliability of the formulated equation in this study for predicting the buckling 
behaviour of thin rectangular plates with free edges under large deflection. Although no existing literature 
provides a basis for comparison of results across varying aspect ratios and different values of the biaxial buckling 
ratio, n, it can be deduced that the derived model for biaxial buckling of rectangular plates with free edges under 
large deflection is also applicable for determining the buckling load of an undeformed thin plate subjected to 
uniaxial loading. 
 

CONTRIBUTION TO KNOWLEDGE 

This study contributes significantly to the field of structural mechanics by formulating a generalized nonlinear 
buckling model that incorporates both geometric and material nonlinearities for thin rectangular plates under 
biaxial compressive loading and large deflections. It derives boundary-specific buckling equations for six distinct 
support conditions involving a free edge, thereby improving the accuracy of buckling and post-buckling 
predictions. The model is versatile, accommodating various materials through parameters such as Poisson’s ratio, 
and serves as a foundation for developing practical design tools while paving the way for future experimental 
validation and numerical extensions. 

 

CONCLUSION 
This paper presents a specialized buckling models developed to determine the biaxial buckling and post buckling 
load of thin rectangular plates with a free edge. The models demonstrate notable versatility, as it can be applied 
to both uniaxial and biaxial loading scenarios, accommodating cases of small and large deflection alike. 
Furthermore, the study provides detailed results for the biaxial buckling load coefficients of thin square and 
rectangular plates with free edges, specifically for configurations SSFS, SCFS, CSFS, CCFS, SCFC, and CCFC, 
under large deflection. The findings reveal that the biaxial buckling load coefficient of thin plates decreases as the 
biaxial buckling ratio increases, while a reduction in the aspect ratio leads to a corresponding decrease in the 
biaxial buckling ratio. Given that the results of this study align closely with those reported by Ibearugbulem et al. 
(2014) and earlier works of Adah et al. (2016) for the undeformed plate condition (where the deflection-to-thickness 
ratio, w/t = 0) at an aspect ratio Ƨ =1, and biaxial loading ratio n = 0, the additional results obtained for various 
combinations of n, w/t, and aspect ratios can be considered accurate and reliable. Therefore, the conclusion that 
the new general mathematical equation to biaxial buckling of thin rectangular plate with large deflection is 
applicable and suitable for the analysis of thin rectangular plates with a free edge. 
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SYMBOLS 

These symbols are defined as; 

𝐴 = 𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 

ℎ = 𝑠ℎ𝑎𝑝𝑒 𝑝𝑟𝑜𝑓𝑖𝑙𝑒 𝑜𝑓 𝑡ℎ𝑖𝑛 𝑝𝑙𝑎𝑡𝑒 

𝑅 = 𝑁𝑜𝑛 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

𝑄 = 𝑁𝑜𝑛 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

𝑘𝑏𝑥 = 𝐵𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠 

𝑘𝑏𝑥𝑦 = 𝐵𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥𝑦 − 𝑎𝑥𝑖𝑠 
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𝑘𝑏𝑦 = 𝐵𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑦 − 𝑎𝑥𝑖𝑠 

𝐾𝑚𝑥 = 𝑀𝑒𝑚𝑏𝑟𝑎𝑛𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠 

𝑘𝑚𝑥𝑦 = 𝑀𝑒𝑚𝑏𝑟𝑎𝑛𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥𝑦 − 𝑎𝑥𝑖𝑠 

𝑘𝑚𝑦 = 𝑀𝑒𝑚𝑏𝑟𝑎𝑛𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑦 − 𝑎𝑥𝑖𝑠 

𝑘𝑏𝑇 = 𝑇𝑜𝑡𝑎𝑙 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠  

𝑘𝑚𝑇 = 𝑇𝑜𝑡𝑎𝑙 𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠  

𝑘𝑁𝑥 = 𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠 

𝑘𝑁𝑥𝑦 = 𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑦 − 𝑎𝑥𝑖𝑠 

𝑘𝑁𝑦 = 𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥𝑦 − 𝑎𝑥𝑖𝑠 
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